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JUMMAKY 


An  approximate  method  is  presented  for  finding  the 
flight  technique  by  which  an  airplane  may  reach  a  speci¬ 
fied  speed  and  altitude  in  the  minimum  time  or  with  the 
minimum  fuel  consumed.  Both  the  case  in  which  the  dis¬ 
tance  covered  is  unrestricted  and  in  which  a  specified 
distance  is  covered  are  considered. 

It  is  found,  that  if  the  final  altitude  is  suf¬ 
ficiently  far  above  the  initial,  a  large  portion  of  the 
optimum  path  is  independent  of  the  specified  initial  and 
final  speeds  and  altitudes.  Simple  equations  are  found 
for  this  portion  of  the  path.  No  equations  are  found 
describing  the  transition  from  the  initial  speed  and 
altitude  to  this  central  portion  of  the  path  or  from  the 
central  portion  to  the  final  speed  and  altitude.  However, 
some  information  regarding  the  best  transition  technique 
is  found  from  a  consideration  of  several  arbitrarily’ 
selected  transition  paths. 


INTRODUCTION 


The  purpose  of  this  report  is  to  present  methods  for  rapidly  discovering 
the  flight  technique  by  which  an  interceptor  may  climb  from  take-off  to  a 
specified  speed  and  altitude  in  the  minimum  time  or  with  minimum  fuel  consumed. 
Both  the  case  in  which  a  specified  distance  is  covered  and  the  case  in  which 
the  distance  is  not  specified  are  considered.  In  each  case  techniques  for 
minimum  time  and  minimum  fuel  are  developed.  All  the  cases  have  been  inves¬ 
tigated  assuming  that  the  throttle  setting  remains  constant  throughout  the 
flight.  It  is  found  that  this  procedure  is  optimum  for  all  cases  except  that 
of  minimum  fuel  with  a  specified  distance  greater  than  the  distance  covered 
in  climb. 

Two  methods  are  used  to  discover  these  techniques.  The  first  method 
is  to  attempt  a  direct  solution  by  means  of  the  calculus  of  variations.  It 
is  soon  found  that  the  resulting  equations  are  too  complicated  to  be  used  in 
ordinary  engineering  work.  Consequently,  a  trial  and  error  method  is  used  in 
which  arbitrary  paths  of  speed  vs.  altitude  are  selected  and  the  time  and  fuel 
along  them  calculated,  A  study  of  the  results  of  these  calculations  indicates 
that  if  the  final  altitude  is  sufficiently  far  above  the  initial  altitude,  the 
greater  portion  of  the  optimum  flight  path  lies  along  a  speed-altitude  path 
which  is  independent  of  the  specified  initial  and  final  speeds  and  altitudes. 

This  path,  which  is  characteristic  of  the  airplane  design,  but  does  not  depend 
upon  the  initial  and  final  speeds  and  altitudes,  will  be  referred  to  as  the 
"characteristic  path".  An  optimum  flight  between  specified  speed  -  altitude 
points  consists  of  a  transition  from  the  initial  point  to  the  characteristic 
path,  a  climb  up  the  characteristic  path,  and  a  transition  from  the  charac¬ 
teristic  path  to  the  final  point. 

After  the  existence  of  the  characteristic  path  has  been  suggested  by  the 
trial  and  error  method,  it  is  found  possible  to  develop  simple  formulas  for 
it  by  a  mathematical  approach.  In  addition  to  supplying  a  direct  method  of 
discovering  the  characteristic  path  for  any  airplane,  these  formulas  show  that 
the  characteristic  path  depends  upon  the  specified  distance  covered  in  the 
flight,  the  throttle  setting  used  during  the  flight,  and  also  on  whether  time 
or  fuel  is  to  be  minimized. 

No  simple  equations  for  the  transition  paths  are  found,  but  some  information 
about  them  is  discovered  by  the  trial  and  error  method. 

The  airplane  selected  for  the  calculations  is  a  swept  wing,  single  seat, 
present  day  interceptor  type  equipped  with  a  single  jet  engine  and  afterburner. 
Calculations  are  made  with  tue  afterburner  both  operative  and  inoperative,  since 
with  the  afterburner  operating  the  climb  performance  is  seriously  limited  by 
compressibility,  while  with  afterburner  inoperative  the  Mach  numbers  encountered 
in  climb  are  below  the  drag  divergence  Mach  number. 
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EQUATION-;  OF  MOTION 


The  symbols  used  in  this 


report  are  as  follows* 


D  “  drag 
L  “  lilt 
T  =  thrust 
h  “  weight 

F  *  centrifugal  force 

0  =  angle  of  climb 

r  =  radius  of  curvature 

V  =  flight  path  velocity 

S  -  distance  along  flight  path 

C  z  rate  of  climb 

h  =  altitude 


horizontal  distance  covered 


R  * 
o 


‘r^D'.v  .  energy  available  for  climb  and/or  acceleration 
per  unit  weight 


n 


=  _L  »  load  factor 
H 

f  =  fuel  used 

V  =  rate  of  fuel  consumption 

f 

t  =  time 

t  prime  denotes  total  differentiation  with  respect  to  h. 

Thus  V'  -  QL  etc. 
dh 


anfidewial 
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ion  of  this  equation  allows  the  distance 


-  cot  9  (inclusion  of  tnis  =-0—' 
covered  to  be  specified). 


R  -  ft  (V ,b,n) 

o  o 


The  procedure,  as  given  in  Reference 


1  is  to  construct  a  function  H  such  that 


I  R  1 

„  (n  -  COS  9)  .  „  JL  -  1  !  +  PY  cot  9  -  V  Sin  0 

u  *  r  -&■  ^ — : — 5 — u  Pv  V  V  sin  0  x 

H  P9  2  sin  0  v  {_ 


functions  of  h.  It  is  shown  in  Reference  1  that,  on 


the  minimizing  path,  trv 

% .  , 


dP@  SH  .  _  W  »H  =  0 

— -  *  -  —  >  TT  aV  ’  fin 


-Sr’-SS’  dh  -av  an 


These  relations  lead  to 


sin^  0 


cos  0 

a  ,  „  ..  n  R  cos  0  -  Pv  +  u 

p_  (1  -  n  cos  0)  pv  „2  0  x  V 

0  * 


s-i 


/  2R  1  !V  !■_, 

^  ^  +  °v  6  \v  sin^  '  1  '  sin  «  «  v  sin  9 [\ 


p  =  constant 


P0  *  Py  dn 


The  equations  3.1  and  3.2,  together  “^h  ^e  8P«  ptl^Vnf orwnately , 

valued  X,  rr^Tnut  ^  -h  ohysical 

these  equations  are  rather  c®. 
insight  into  the  problem. 


4i  trt AT.  AND  ERROR  APPROACT 


In  order  to  obtain  some /^H^alon /them'cllculaTed!  °The  time  required 
portion  “^li#  was  determined  from  equation  2.3  as 


-  V- 


If  the  flight  involved  acceleration  at  constant  altitude,  the  time  to  accelerate 
in  level  flight  was  calculated  from  equation  2,1  as 

V, 


r 


'i 


gRo 


dV  . 


The  fuel  was  calculated  as 


r  2 


J 

o 


Wf  dt 


and  the  horizontal  distance  covered  was  calculated  from 


r  2 


V  dt 


J 

o 


The  drag,  thrust,  weights,  and  fuel  flows  were  taken  from  the  airplane  manu¬ 
facturers'  performance  report.  The  weight  is  varied  along  the  flight  path  to 
allow  approximately  for  the  fuel  used. 


In  making  these  calculations,  Rq  was  evaluated  by  assuming  n 


1  throughout 


the  flight.  This  approximation  was  checked  by  calculating  the  time  along  path 
4,  Fig,  1,  using  the  correct  values  of  n  as  obtained  from  equation  2.4.  It  was 
found  that  the  exact  and  approximate  times  differed  by  less  than  one  percent, 
iince  path  4  involves  a  more  abrupt  pull-up,  and  consequently  a  greater  variation 
of  n,  than  any  of  the  other  paths  shown,  it  is  felt  that  this  check  justified  the 
use  of  the  approximation  along  the  other  paths.  The  exact  values  of  n  along  path 
4  are  shown  in  Fig.  3. 

The  results  of  the  calculations  to  find  the  flight  technique  for  minimum  time 
with  distance  unrestricted  are  summarized  in  Figs.  1  and  2.  Paths  to  re.-  "h  three 
different  speeds  at  35>000  feet  are  shov/n  with  most  desirable  paths  distinguished 
by  heavy  lines.  Two  conclusions  can  be  drawn  from  Figs.  1  and  2.  The  first  is  that 
a  large  portion  of  the  optimum  path  remains  unchanged  as  the  final  velocity  is 
varied.  This  immediately  suggests  the  existence  of  a  characteristic  path  of  the 
type  defined  in  section  1,  The  second  conclusion  is  that  reasonably  large  variations 
can  be  made  from  the  optimum  path  without  severe  penalties  in  time. 

The  paths  investigated  to  determine  the  techniques  for  minimum  fuel  with 
distance  unrestricted  are  summarized  in  Fig.  4  where  the  most  desirable  paths 
are  distinguished  by  heavy  lines.  Again  it  is  seen  that  a  characteristic  path 
exists  and  that  reasonably  large  variations  from  the  optimum  can  be  made  without 
severe  penalties  in  fuel. 
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The  lower  part  ol'  Fig.  U  shows  the  effect  of  engine  operation  on  the  fuel 
required  to  reach  500  mph  at  15,uOC  feet.  The  path  for  each  throttle  setting 
is  approximately  that  requiring  tne  least  fuel  to  reach  the  specified  speed  and 
altitude  with  the  given  throttle  setting.  It  can  be  seen  that  operation  at 
military  power  without  afterburning  requires  the  least  fuel. 

5.  EQUATION.*  OF  THE  CHAH/-  ITERIdTl.  h  >h  MINMJh  TDih 

To  find  the  equations  J  'he  ch»r«*cte-istir  oaths,  we  rote  that  the  definition 
of  these  paths  implies  that  tht  chir-cteri  t  c  |~th  nas  he  property  j£  minimizin. 
the  time  between  any  two  points  w-i.h  it  co-nec.s,  It  fcl.jws  that  mir.ute  oevi^- 
tions  f- ob  this  oath  mu.-t  not  cause  ary  rn  nge  in  the  tin-  req  .red.  Thus,  it  .9 
seen  that,  al->n»,  the  charact' ^ist  .c  path  t  ,e  v.  it-  if  int  gral  represent .ng  ’.re  tn« 
used  as  independent  of  1  var.*i*ous  L.  U.*  ^ -h  shape.  The  inte^ra.  representing 
the  time  may  be  written  as  (see  eqpstlaa  2.3) 


dh  .  V 
R  gH 


dV 


We  shall  make  use  of  the  approximation  that  R  may  be  evaluated  with  n  “  1,  so 
that  R  may  be  considered  as  a  function  of  V  and  h  only.  The  condition  that  the 

time  integral  be  independent  of  the  path  is  given  by 


±  (±\  -  _i  /JLn 
dv  U  ah  Vkr0 


or 


X  *0 

g  "^h” 


«R 


av 


£  . 


5.1 


dince  for  a  particular  airplane,  Rq  is  a  given  function  of  V  and  h,  equation 
5.1  describes  a  path  of  V  vs.  h  which  is  the  characteristic  path  for  minimum  time 
with  distance  unspecified. 

The  reasoning  in  finding  the  characteristic  path  for  minimum  time  with  dis¬ 
tance  specified  is  very  similar.  We  wish  to  find  the  path  along  which  the  integral 


*2’V2 


t  0 


dh 

K 


V  V1 


dV 


is  independent  of  small  variations  in  the  path  under  tne  condition  that  the 
distance , 


^2’V2 


V  V 

r—  dh  ♦  d  V 

rto  *n0 


hl’Vl 
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is  constant.  Since  the  only  admissable  variations  are  those  tor  which  the  dirtancs 
integral  is  independent  of  changes  in  the  ;>atr.,  th‘.  s  problem  is  equivalent  to  finding 
the  path  along  which  the  integral 


q  ♦  xv) 


dh 


y 


dV 


is  independent  of  small  variations  in  path,  The  Us  a  constant  which  determines 
the  distance  covered  along  the  characteristic  path  for  a  specified  change  in 
altitude.  The  condition  that  this  integral  be  independent  of  the  path  is 


d 

,1 

(l  +  xv)  _  a 

!  1 
V  (1  ♦  XV) 

av 

Ro  dh  i 

g  Ro 

_  _  1 

L.  _ i 

XR 

„  aR 

aR 

0  V  0 

o  -  n 

i  +  xv  g  ah 

a  v  0 

This  path  has  the  property  that  the  time  between  any  two  points  on  it  is  less 
along  the  characteristic  path  than  it  is  along  any  other  path  connecting  the 
given  points  and  having  the  same  value  of  the  distance  integral.  The  optimum 
flight  path  for  minimum  time  with  a  total  distance  specified  v/ill  consist  of  a 
transition  to  one  of  the  characteristic  paths  defined  by  5.2,  a  climb  up  the 
characteristic  path,  and  a  transition  from  the  characteristic  path  to  the  final 
speed  and  altitude.  The  value  of  X  used  to  select  the  exact  characteristic  path 
must  be  determined  so  that  the  distance  covered  along  the  characteristic  path 
will  be  equal  to  the  specified  distance  minus  the  distance  covered  on  the  transi¬ 
tion  paths. 

The  characteristic  path  involving  the  highest  speeds  is  obtained  by  letting 


X — *  in  which  case  equation 

5.2 

becomes 

R0  V 

eR0 

dR 

r\ 

+  _L 

V  g 

ah 

-  — -  »  0  . 

av  u 

5o3 

This  path  has  the  property  that  it  minimizes  the  distance  covered  in  moving 
between  any  two  speed  altitude  points  which  it  connects.  Fig.  5  indicates  that 
when  the  specified  distance  is  long  enough  to  allow  the  airplane's  maximum  speed 
in  level  flight  to  be  attained,  the  characteristic  path  closely  approaches  equa¬ 
tion  5,3,  It  will  be  noted,  however,  that  the  characteristic  path  defined  by 
equation  5.1  may  he  used  with  only  a  very  slight  loss  in  time.  Consequently,  it 
appears  that  it  is  not  necessary  to  use  great  care  in  the  selection  of  the  proper 
characteristic  path  from  those  defined  by  equation  5.? 


Equation  5.2  will  determine  characteristic  paths  for  use  when  the  specified 
distance  is  less  then  that  covered  along  the  path  for  minimum  time  with  distance 
unrestricted.  These  paths,  however,  are  not  of  much  practical  value,  since  the 
technique  on  3uch  a  flight,  would  be  to  follow  the  path  for  minimum  time  with 
distance  unrestricted  and  turn  slowly  during  the  flight  to  adjust  the  distance  to 
specified  value. 


Equations  5,1  and  5.3  define  a  band  of  speeds  in  which  the  majority  of  climbing 
should  be  done.  This  band  is  shown  in  fig.  P  lor  a  typical  modern  interceptor 
operating  at  military  thrust  and  at  military  thrust  plus  afterburning.  The  effect 
of  compressibility  is  clearly  evident  in  the  narrowness  of  the  band  with  after¬ 
burner  operating  compared  to  the  band  with  afterburner  inoperative. 
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6.  EQUATIONS  OF  CHARACTERISTIC  PATHo  FDR  MINIMUM  FUEL 

It  was  found  in  Section  4  that  the  beat  engine  operation  to  obtain  minimum 
iuel  with  distance  unrestricted  is  to  use  military  thrust  without  afterburning 
throughout  the  flight,  The  fact  that  a  fixed  throttle  setting  is  used  allows 
Rq  (for  n  =  1)  and  W^.  to  be  represented  as  functions  of  speed  and  altitude  only. 

Consequently,  the  characteristic  path  for  minimum  fuel  with  distance  unrestricted 
can  be  found  in  the  same  manner  as  that  for  minimum  time,  distance  unrestricted. 
The  equation  is  found  to  be 


W,.  ,  dR  dR  \ 

_i  i_2  v  o  A 

ko  \ev  g  ah 


,  dWf 

VdF 


_v_  d'if\ 

g  dh 


6.1 


A  similar  equation  can  be  obtained  for  the  characteristic  path  for  minimum 
fuel,  distance  specified,  provided  that  the  entire  flight  is  made  at  a  fixed  throttle 
setting.  The  equation  is  found  to  be 


(Wf  +  XV)  {  dR0  V  dRo 
R0  V  dV  "  g  ah 


V_ 

g 


6.2 


This  equation  is  not  of  great  practical  use,  however,  since  the  best  technique 
for  minimum  fuel  with  a  specified  distance  greater  than  the  distance  covered  in 
a  military  power  climb  involves  operation  at  part  throttle. 

7.  TRANSITION  PATHS 


No  formulas  have  been  developed  to  describe  the  transition  paths.  A  series 
of  transition  paths  from  take-off  speed  to  the  characteristic  path  for  minimum 
time  with  distance  unrestricted  is  shown  in  Fig.  7.  It  can  be  seen  that  although 
the  difference  in  time  between  the  better  paths  is  small,  some  time  can  be  saved 
by  diving  during  the  transition.  Ordinarily,  it  will  not  be  possible  to  dive 
immediately  after  take  off,  so  that  acceleration  at  constant  altitude  will  be 
the  best  transition  path. 

The  best  transition  technique  from  the  characteristic  path  to  the  final 
speed  and  altitude  depends  on  whether  the  final  speed  is  greater  or  less  than 
the  speed  on  the  characteristic  path  at  the  final  altitude.  If  it  is  less,  the 
best  procedure  is  to  leave  the  characteristic  path  at  an  altitude  below  the  final 
altitude  and  zoom  to  the  final  speed.  This  technique  is  illustrated  by  paths  4 
and  6  in  Fig.  1  and  by  path  11  in  Fig,  2.  If  the  final  speed  is  greater  than 
that  on  the  characteristic  path  at  the  final  altitude,  the  curves  of  Fig,  7 
indicate  that  the  best  technique  is  to  climb  above  the  final  altitude  and  dive 
to  the  final  speed  and  altitude.  Although  the  time  saved  by  diving  instead  of 
accelerating  in  level  flight  is  small,  there  may  be  a  considerable  tactical 
advantage  in  diving. 
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The  conclusions  may  be  summarized  as  follows; 

10  If  the  final  altitude  is  sufficiently  far  above  the  initial,  the  greater 
portion  of  the  flight  paths  which  minimize  time  or  fuel  will  lie  along 
a  speed-altitude  path  which  is  independent  of  the  specified  intial  and  final 
speeds  and  altitudes.  This  path  is  called  the  "characteristic  path".  The 
optimum  flight  path  consists  of  a  transition  from  the  initial  speed  and 
altitude  to  the  characteristic  path,  a  climb  along  this  path,  and  a  transi¬ 
tion  from  the  characteristic  path  to  the  final  speed  and  altitude, 

2,  The  characteristic  path  depends  on  the  specified  distance  to  be  covered  in 
the  flight,  the  throttle  setting  used  during  the  flight,  and  the  design 

of  the  airplane, 

3,  The  characteristic  paths  for  distance  unrestricted  and  for  large  specified  dis¬ 
tances  form  a  band  of  speeds  in  which  the  majority  oi'  climbing  should  be 

done, 

4,  dimple  formulas  for  calculating  the  characteristic  paths  which  determine 
the  climbing  bands  are  given  in  Sections  5  and  60 

5,  The  best  transition  procedure  involves  diving  if  an  increase  in  speed  is 
necessary  and  zooming  if  a  decrease  in  speed  is  necessary.  If  diving  is 
impractical,  very  little  time  is  lost  by  accelerating  at  constant  altitude. 

6,  Reasonably  large  departures  from  the  true  minimizing  paths  may  be  made  with 
only  small  losses  in  time  or  fuel. 

7,  The  best  engine  operation  for  minimum  fuel  if  distance  is  unrestricted  is 
to  use  military  thrust  without  afterburning. 
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